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XV. Anew Theory of the Rotatory Motion of Bodies affelied
by Forces difturbing fuch Motion. By Mr. John Lan--
den, F.R. S..

Read Feb. 20, AM induced to confider this paper as

i not unworthy the notice of this Society,
through a perfuafion that the theory herein contained
will conduce to the improvement of {cience, by enabling
the reader to form a true idea, and accordingly to make

a computation of the motion (or change) of the axis about:

which a body having a rotatery mation-will turn, or have
a tendency to turn, upen being affected by a force dif--
turbing its rotation; particularly of the motion of the:
earth’s axis arifing’ from: t‘he.fattm&ion’%)f the Sun and
Moon on the px’otuberﬁnt.vmatter of the earth above its
greateft infcribed fpherét*‘wﬁfch compound motion, I
conceive, has not been rightly explained by any one of
the eminent mathematicians whofe writings on the fame
fubject have come to my hands. Whether in this effay
I have really fucceeded better than other writers who
have attempted an explanation of {uch motion, I {ubmit
to gentlemen well verfed in mechanics to determine.
1. Fig.
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1. Fig. 1. Let the {phere apsE, whofe radius is #, re~
volve uniformly about the diameter acr as-an axis, with
the angular velocity ¢, meafured at p or E, the motion
being accerding to the order of the letters DGEH in the
fe@ion at right angles to AcB, fig. 2.; and, whilftitis fo -
revolving, let the pole A be itnlielzled by fome inftan~
taneous percuffive force to turn about the diameter pCE,
from A towards H, with the velocityw. Ttis ‘propé"i’ed to
find the new axis about which the fphere will revglve
after receiving fuch impulfe,

Calling @/, parallel to pc, x5 ¢/ will be =Vr—a: the
velocity of the peint # (about acs) before the impulie
on A will be = =; and the velocity (about pcE) given
to the fame point () by the faid impulfe will be =

“/r"—+  \Which velocities of the point @ being in con-

r

trary directions, if it be fo fituated that they be equal,
then, one deftroying the other, that point will ftop and
become one of the new poles fought, about which the for-
mer poles A and B will revolve with thevelocity w; and the
points p and E will revolve with the fame velocity (¢) as
before the perturbating impulfe on the point a; but in-
ftead of defcribing the great circle DGEH, their motion
will be about the new axis @4; about which they (as well
as the points A and B) will defcribe lefler circles parallel

Mm2 to
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to the great circle de, in which the points d and e (de
being at right angles to 42) will revolve about the fame
axis (45) with the velocity Verw'. Which, being ‘dé=
noted by e, and 7 and # being put for the fine and coﬁne
of the angle Ac 4 to the radius 1, 7ze-will be =w, zne=x,
and confequently m7¢* = bw

‘Now takmg_ = ""/' —, in ordér ta find that new

axis @4, we have from thatequation ¥=—===. ="'=g/,
Vé+wt ‘

Moreover it is.obvious, that if a {phiereid, a cylinder,
or any other body, whofe'center of gravity is ¢ and'pro-
pér axis Acs, were, whilft revolving about that axis with
the fame angular, velocity. (¢), to-recetve fuch an- impulfe
as inftantly te give the point A the angular velocity
about ncE; the axis about which that fpheroid, cylinder,
or other bodx, immediately aftér-the impulfe, would re-
volve, or would havea tendency ta revolve, would be
the {faime line 4.

The great circle d¢ (fig. 1.) and any other great circle -
fo fituated with refpet to the-axis of any revolving
fphere, I fhall"denominate the misd-tircle.

2. Inthe manner above defcribed the polés of thefphere
are by the inftdntaneous impul{e on the point A inftantly
€hanged from A and B to 4 and 4. But if; inftead of fuch -
impulfe, a-continued attradive foice ¥ (like that of gra-

vity)
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/4 ]

vity) acted at a fig. 3.and at the new poles 4, 4, &c. as
they become fuch by a fucceflive change caufed by fuch
continued ation of the force F urging the {phere at

s Ly

every inftant to revolve about the diameter de, or de,

’ ?

&c. of the contemporary mid-circle, the new pole (a, &,
&c.) would not inftantly be at a finite diftance from the
primitive pole s, but fome finite time would be requifite,
that by fuch fucceflive change,'the pole might be varied
to a finite -diftance from a: and the force r:continuing
invariable, the velocity (v) wherewith the pole changed
its place-would be exprefléd by =, ¢ being the time elap-
fed whilft the pole.is varying from A to 4, and 2 the
length of the arc Ag. Therefore the velocity wherewith
the pole will change its place during fuch aétion of the
force F will be expreﬁ'éd in the fame manner as the ve-
locity (v) of a body moving uniformly from a to ¢'in
the time # may be exprefled; that is, in both cafes v will

=Z.. But there is a material difference between the
motion of a body {fo moving from a to 4 and the change

of place of the ,pole-a,,'t'z',.&c. the former is permanent,
and will continue to carry the body forward without the
altion of any force whatever; whereas the latter will
inftantly ceaf€, and the axis will keep its pofition, if the

force
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force r ceafes to act thereon; like as the varying direc-
tion of a projeétile near the earth’s furface would imme-
diately ceafe to change, if the force of gravity ceafed to
act.

1t is.obfervable, that whilft the force r aéts, and the
vevolving fphere, in confequence of fuch action, every
moment takes a:new axis, the angular motion about the
axis will continue invariable; the a&ion of fuch force
only alteting the axis without altering the angular velo-
city of the fphere about it: like as the direction of a
moving body is altered, without altering the velocity
thereof, by an attraétive force continually ading on it in
a direction at right ang'l’és to that in which the body is
moving. -And if ever the force ¥ fhall ceafe to a, the
{phere will inftantly revolve with its primitive velocity
(¢) about the axis it then may have been brought to take
by the preation of that force.

“The new axis, about which the fphere has fuch ten-
dency to revolve at any inftant during the action of the
force F, I thall call the momentary axis; and the poles
thereof the momentary poles.

3. From the equation frf:_-‘-'-’-‘/—’;-’:i (art. 1.) we have

Z=—=—. Now if a continued attractive force () act
PP
during the time # as above-mentioned, inftead of the

4 inftan~-
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inftantaneous percuflive force at a, we, according to the
do@rine of fluxions, muft, inftead of =, take w0, or its

equal F# and % inftead of x, in the expreffion;; there-

. S e W I-"_f — o
fore, in this cafe, we have - = 7= Whence, put
4 ” ) ) .
ting 2 for the arc (ag, or Aa, &c.) whofe fine is ¥, and

rFi

writing % for its equal ._._, we get — =6 org=—,

Vv

Hence v deneting the velocity wherewith the mo-

mentary pole (c;-, c;, &c.) changes its place during the

. SN . . -+ rFf
action of the accelerative force F; we have & = v# ==

and cgnféqucntly v= 5‘5

4, The value of v may alfo be determined in the fol-
lowing manner (fig. 4.)+ Conceive a very thin firing
(without weight) to have one of its ends faftened to a
fixed point /and the other to a heavy particle of matter:
m; alfo cpnceive fuch particle {o to revolve with the ve-
locity ¢, about the line /gy that a certain accelerative
force r (like that of gravity referred to a certain direc--
tion) continually acting on- the faid particle 7, in a di-
rection at right angles both te the frin g /m and to the
tangent to the curve in which # is moving, the ftring
fhall defribe a conical furface. Then /i being denoted

by
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by »y and 20, perpendicular to /z, by ¢; ’; s the centri-
fugal force urging #z in the diré&ion om, will be to ¥ as
r'to Vr*=q*=Jo. Therefore r muit be = -5:‘—/7'-7-:1 Now
if, whilft # is fo revolving, the force F ceafes ating, the
faid particle (72) will, ‘it is obv'ious_, immediately proceed
to defcribe a great circle of the {phere whofe radius is »
and center /, of which great circle one of the poles will
be fituated in a leffer circle parallel to, and go° diftant
from, that delcribed by # during fuch action of the faid
force; which pole, during fuch ation, will change its
place in the faid lefler circle in which it will at any time
‘be found with a velocity (v) which will be to ¢ as (s) the

radius of the laft mentioned circle to g. But s will be -
Vr—¢
g

Nr*—~q*; therefore we have v:e:: \/r’-q’ :qyand

=2, Confequently F = “YZ=¢ will be=* x 2=2, and
e : rg r e r

rF
v

Let now 72 be a point on the furface of a {phere whofe
center is /, and radius /z =r; and let the {phere revolve
about an axis fo that s fhall defcribe a great circle with
the velocity . If then fuch a motive force begins to a¢t
on the fphere, that, continuing its action, the point 2
fhall always be urged by the invariable accelerative force
F to move in a direction at right angles to the ray /» and

7 to
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to the tangent to the curve which »2 will defcribe; that
point it is obvious will, in cortfequence of the action of
that force, defcribe a leffer circle of the fame radius ()
as that defcribed by the particle 7 when faftened to a
- ftring and acted on by the force r as above-mentioned;
and the center of the fphere being always confidered as
at reft, one of the momentary poles of the {phere will
defcribe a circle whofe radins will be= Y r* =~ g* paraliu},
to, and 9o° diftant from, that defcribed by the point #2.
For if the fzid force were to ceafe acting, that point of
the {phere would defcribe a great circle, as would the
particle s at the ftring in the like cafe; and therefore
both the faid particle and the point s of the {phere at
every inftant having the fame tendency, and being acted
on by equal accelerative forces, the effeét will be the fame
with refpe& tothe motionof each. Confequently,v being
put to denote the velocity wherewith the momentary
pole changes its place in the circle which it will defcribe

whilft the motive force producing the accelerative force

) . . .o F .
¥ ats on 77 as juft now mentioned, v will be = -'—;, the

fame as in the preceding article, ¢ here denoting that
velocity which we there denoted by ¢.
5. Referring the point of ation of the perturbating
force-to the mid-circle we have not hitherto confidered
Vor. LXVIIL N n that
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that point as varied with a greater or lefs velocity than
(e) that of the point #2; that is, with reference to fuch
circle we have always confidered the point 22 as the point
of adtion. But it is obvious, that, ceteris paribus, the
point of action with refpeét to the mid-circle (which
point we will now dengte by ¢) may be varied with a
velocity greater or lefs than ¢; and that, ceteris paribus,
the velocity (v) of the momentary pole will be the fame
with what velocity foever (g) the point of aion of the
force ¥ be varied; the direftion in which that force aéts
being always at right angles to the ray (/) from the
center of the fphere, and to the tangent ta the curve de-
fcribed by (g) fuch point of ation.

Yet, although o continues the fame whether, cezeris
paribus, (u) the velocity of the point g be greater, equal
to, or lefs than ¢, the immoveable circle in which the

~momentary pole will be found will not continue the
fame; that circle being greater, equal to, or lefs than the
circle whofe radius is V7*—g* according as # is lefs, equal
to, or greater than ¢, as will be made more evident by
what follows.

6. Fig. 5. Let 13 (in the great circle R 1; Qq‘ T) be one
of the poles of the axis about which the fphere RsTv,
whofe radius is 7, is revolving (according to the order of

the letters vés) with the angular velocity ¢, meafured at
4 the
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the diftance 7 from the axis; and whil(t it-is {o revolving
let the faid pole be urged to turn about a diameter of the

mid-circle v¢s towards ¢, by an accelerative force F, and
Jet fuch force continue to aét on the fucceffive new poles

4w

b, b, &ec. as they become fuch, always urging the fphere
to turn about a diameter of the coritempporary mid-circle,
whilft the dire¢tion in which fuch perturbating force
acts is regulated in the following manner.

Conceive the faid revolving {phere to be furrounded
by an immoveable concave fphere of the fame ra-

¢ )

dius ». ‘Then the momentary pole (p, p, p, &c¢.) will

NI

always be found in fome curve prp &ec, in the faid

s nu

concave fphere, and in fome curve ppp &c. on the
revolving fphere; which laft- mentioned curve will conti~

W

nually touch and roll along the other curve pep &c. on
the immoveable {phere, the force r and the diredtion in
which it aéts varying in any manner whatever. Let F
be invariable; then, it is obvious, the two curves fo
touching each other will be circles; and if great circles

A N AR

?g, Pq, P q, &c. be defcribed on the furface of the im-
moveable fphere whofe planes fhall be at right angles to

0  w o m

the plane of the circle ppp &c. the points g, g, ¢, &c.
Nn 2 therein,



276 Mr:. LANDEN's new Theory of
¢ 0o

therein, each go° diftant from », p, P, &c. refpectively,
will be in a circle (é ;; 8cc.) parallel to the faid circle

$r &0 . . . ..
»PpP &c. Now as a regulatien. to. the direction in

which the force F fhall urge the moementary pole, let.
that diseCtion be always-a.tangent to the great: ciscle fo
pafling thmugh that pole and the correfpendent point

4 Ay i

: j,,q, or q, &c. whilt the arcs ¢¢g; ¢¢,-8ci-are to'the ares

!'.;, 1; 1':, Rzc. refpedtively in the conftant patio ofix to v.
‘The direction in which the force ¥ aéts beingfo regu-~

&1 W

Yatedy it is-obvious that the radius of the cixcle ppp

VA0

&c. being denoted by J, the radius of the circle gq¢
8cc. will be=A/7"~4", the diffince of thefe parallel cir-
eles being go°®. Therefore theirperipheriss being as the
velocities (v and #) with which they are defcribed, their

radii (b andy r*~5?) will be in the-ratio of the faid velo-

eities ;- that is v:u:: by Vr—b; whence,_ being = ...‘/ "”

4 0t rv

T eem————e

4;. the radias of the circlé pre 8cc. is found 2
\/ w4 vt

I x’s

= ' andW/—F the radis of the sitce gqq
&ut
T

&c. =ﬁ**\7:::z, . belng*' , the veloeity - wheres-

&u*

with.
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0"l

with the momentary pole g, p, &c. changes its place.

Confequently, if PR be an arc in the faid immoveable

ro

ooncave {phere whofe fine is- ¢u*+u‘= ‘\/‘%7‘“ the great

’_2 2

A R RV S TR

circles.qp, g P, q P, &c. will.interfe¢t each other at the
point R.

7. Moreover,.the force r being invariable and aéting
as exprefled in the preceding article, the primitive pole

j;'and the momentary poles ]'b_'., _;;,T&c. will all be found

in a circle p‘ﬁ; &c. defcribed upon the furface of the
revolving fphere,. as obferved in that article;. which
circle, during the action of .the force of , will (as.is alfo
obferved.in the faid article) always-touch and roll’along

4

the immoveable circle (p2P &c.) whofe radius we

r

. . . el — ro = . s .
have juft now ‘found = e 7 +££‘, the point of
: rl }.L
contact being always the momentary pole..
Let the fine of the arc I;Q of the great circle rp Q{J’T
in the revolving fphere be equal to £, the radius of the

faid cixcle 13}5}; &ec. then will the point @ and its oppo-
fite point (0) in the furface of the faid {phere, during

the action of the force F, defcribe circles in the fur-
3 rounding
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¢ wm
rounding immoveable concave fphere parallel to (prp
o

&c.) the circle defcribed by the momentary pole p, p,
cc. in the fame concave {phere. And fuch point @ and
its oppofite point (o) being continually urged by the
force F in directions at right angles to the tangents to
the arcs they defcribe, their velocity will continue the
fame as before the action of the faid force commenced;

000

which velocity, and the radius of the faid: circle ppp
&c. will be determined by the following computation.

That radius being denoted by 4, we have »: £ e: 5;’
the velocity of the point Q before the action of the force
¥ commenced; and b:vuK: -'%' » the velocity of the

fame point () during the ation of that force, k being
put for the fine of the arc Q_r; therefore the velocity of
‘@ continuing the fame during the aétion of r as before,

3 .
we have 5;=K—-:. But x is the fine of the fum of the arcs

m':, P'~Q, whofe fines are » and # refpe&ively; therefore

K ‘./:’I_k‘+ k‘/f—"b will be = x ; and by fubftitution we get

:&__’u\/r‘-—k" &v\/r’—b"_'u\/r"—-k" ku Jr"—l)" . _u
— =Y = =+ ) ——being = ;

by the preceding article.  Hence we find £ =
rv
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s/—-———-——‘_f:,'mz; and it follows, that -;/-f_;fa—;-;— (= .‘rf )will be

equal to the velocity of the point , and likewife of its
oppofite point (0) in the furface of the fphere. It alfo
follows, that &, the radius of each of the circles defcribed
by thofe points, during the action of the force r will be

rev
By what is done it appears, that during the a&ion of
the force r, the motion of the revolving fphere will be

equal to

regulated by the circle 1; 1'; 1”5' &c. thereon (whofe radius is
ro — r . R _
oo e le N ”.:m) continually touching and rol

ling along the immoveable circle peE &C. (whofe ra=

dius is ———=— = fo that the velocity of the
Vi +v i +~

point of contrattbe=v = -‘5 Confidering the point Q_as

LA )

always urged from the points p, P, », &c. and confe-
quently its oppofite point (o) towards thofé points, it is
neceflary to obferve, that according as # is lefs or greater

\/_:a ) will be lefs

or greater than 9a°; and the point (o) oppofite to Q_
on the furface of the fphere will accordingly be at a

than ¢, the arc pQ_(whofe fine is —==

greater or lefs diftance than g9o° from ».
If
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If 4 be negativethe arc pr whole fine is —= ,—-—, will

be greater than go°.
8. The motion of the fphere according to the regula~

tion in the preceding article is one motion compounded
of the primitive motion -of the fphere and the motion
generated by the action.of the force ¥. But vonceiving

( ‘/‘_* )the velocity of the point @ to arife froman

1mpu1fe given to it whilft the {phere revolved about an
axis of which Q was an immoveable pole before fuch im-~
pulfe, and wbout which the mid-circle correfponding to
that primitive axis revolved with the angular velocity

4.6 A ,,,f “/; and confidering that the forcer,continually

(V4 ' +9*
adting at right angles to the momrentary directien of the

point Qand to the plane of the faid mid-circle, only ferves
to alter the pofition of the faid primitive axis; we may,
by the help of what is done above, explain the motion
which the fphere will have, during the ation of the
force F, {o as to retain in our ideas the two primitive mo=~
tions (one about the axis 0, and the other about a dia-
meter at right angles to that axis) as remaining diftinét
and unaltered.
(a) Denoting this by ¢ and the velocity of by 4, \/m is = ¢, agree-
able to art. 1. »
Fig.
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Fig. 6. Let ED be a great circle en the revolving
fphere, of which q_is a pole, and let a fmaller circle pL
parallel to (M)’ that which we have found will be de-
feribed by the point o, be drawn on the immoveable
concave fphers fo-as to-touch that great ciréle in the point

(p) where the great circle QpR cuits it the radius of
which leffercircle will be(=V7*~k* =)o v*it:/‘%u—‘i?

Then the revolving {phere, during the adtion of the
force ¥, will fo move, that the firft mentioned great circle
(£D) fhall continually touch and roll along the faid leffor
circle pL, the welocity of the point of contact (along that

"o,

circle) being = ‘/"’ e "‘”, and the fphere at the fame

time turning about the axis of v’vhich'Qis a pole with the

cecnu

itiv ular velocity “———=— -
primitive ang lo y\/__‘ —

Thus the primitive motion about the axis of which
Q_is a pole is preferved diftinét; whilft that pole proceeds

{cribi ircle, whofe rad T ey
defcribing a circle, whofe radius is N E O v YW

which we {uppofed given to

with:the velacity \/__7 =
eul v

it.
() 'This is to the velocity of thie point Q_as 4/ r*—K* to’k ; ‘that is, as the
1adii of the arcs defcribed,

Voi. LXVII. Oo It
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It is obfervable, that the laft mentioned velocity will,
according to this regulation of the motion, be to the
primitive angular velocity about the axis of which qis a
pole, as v te e—x, or as ¥ ta #—e, according as # is lefs or

greater than ¢; that is, according as-the are pq_is lefs or

greater than go°.
9. From what has been faid it follows, that denotmg

e.enu

the two primitive angular velocities
P & Ve

7_-_—__'—:— (fpecified in the preceding article) by ¢ and &
U v*

refpectively, the radius (fig. 5.) of the circle ppp &c.
(or fine of the arc p'cL:;Q, &c.) will be = '“—'f; the radius

s

of the circle ppp &c. (or fine of the arc PR= PR, &c.).=

dr®F .
—— = a great circle paffing through the
e/ dTéFacdrr+rF* & P fii & & '

primitive poles 0 and @, on the x:evolving fphere, will

turn frem the pofition or with the velocity —'—5 meafured

1 . . drr.
at the mid-circle, or with the velocity T 2”; —
e F=2cdr r

meafured at the fixed pointr; whilft _thofe' poles defcribe;

with the velocity d, circles parallel to ppp &c. the

radius (k) of each of the circles (fig. 6.) fo defcribed

2 ‘being
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. “dr . v . ,_Y " the
being = TErmd I the radius (‘\/r K) of

[77]
circle pL will be = —"X4%7? . and the velocity
Vd*éx2edrF+ r* F*

\%:%'—::) long the faid circle pL = ¢ % Z: the up-
r or lower of the double figns taking place according .
pe g g P g

asu(=esx %—;) is lefs or greater than e; thatis, according

as the arc 1;Q(whofe fine is = '{5) is lefs or greater than
90°.

10. As an inftance of the ufe of the preceding con-
clufions, I will now apply them in the folution of a very
interefting problem, which I have not before feen folved.

Suppofe a given [pheroid, whilff revolving uniformiy
about its proper axis, with a given angular velocity, to be
Suddenly uvged by fome percuffive force to turn, with fome
given angular velocity, about a diameter of its equator; it
is propofed to explain the rotatory motion of the [pheroid
confequent to the impulle fo received.

Fig. 7, 8. Let poEeQ_be the {pheroid, whofe femi-axis
co=cQ_is =4, and equatorial radius cp=CE=7; and
fuppofing it before the impulfe to revolve about its pro-
per axis oq_with the angular velocity ¢, meafured at the
diftance » from the axis, let the poles (o and @) be fud-
denly urged by fome percuffive force to turn about a

Oo 2 diameter
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diameter of the equator of the {pheroid, with the angu-
lar velocity d, likewife meafured at the diftance » from
that diameter. Upon receiving fuch impulfe, the fpheroid
will take a new axis of motion, which will be a mormen-
tary one; fuppofe fuch new axis to be pcz/”. Then the
particles of the {pheroid being urged (or having a ten-
dency) to turn about that axis with the angular velocity

v cT—l-_c}-’, (which we will dencte by e) their joint centri=
fugal force will {fo urge the fpheroid to turn about that
diameter of the equator which fhall be at right angles to
the momentary axis pcr, that the accelerative force of
the point p of the equator to turn it about the faid dia-
meter according to the order of the letters pQE will (as
appears by what is.:proved in art. 1. and in the Appendix

r*—>b ed  bB—r?

annexed hereto) be= t‘;"?‘l"‘b* or — x5 according as-
b is lefs or greater than 7: and it follows from hence and
what is proved in art. 3.and '4. that o, the angular velo~
city (at the diftance 7 from ¢) with which the momen-
tary pole p will change its place, will accordingly be =

ed b - od b—r
e x"r‘-}-b‘ or e >'('r“-§-’bz

(¢) Tofind the pofition of this axis fee art, x..by which the fine of the angle

0¢p (to the radius 7) is found = ‘k
L4

More-
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Moreover, referring to our obfervation in art. 8. let.

—* (the value.of v) as ¢ to d; # being

ced »*
u—~e . be tO—:be-;

d_bp—r . .
greater than ¢; or let e~ be to f-;x ;;:%;—as-c to d, u being
lefs than g: W:hence, in-:..both cafes, we fhall have the

fame exprefﬁon( x ) for:the value of #—e; and

&7 —b’

confequ,ently ; in both cafes, willbe = e %7

Conceive -now a {pherical furface WlthOLTt” matter,
having the fame center and radius as the equator DE, to
be carried about with the revolving fpheroid; and fup-
pofe a fphere, whofe radius is 7, to revolve about an
axis pcr with the angular velocity ¢, and, whilft it is
fo revolving, let an accelerative force (F) equal to

d r=t ed br :
CxEp 0 " x=—, according as & is lefs or greater

than r, urge the., pole p, and the fucceflive momentary
poles-as they become fuch, to turn about a diameter of
the contemporary mid-circle in the manner exprefled inr

& }"‘—-b" cd r*—b*

+b‘t -—x;m-or as é +~

art. 6. # being tovase + —

& rr—=b to cd b—r* di b is lefi ¢
p X.*2+b, ; x"rT-\-{-_b—”‘ according as o 1S leis, or greater

than . Then wilt the motion of the furface of this
fphere be exaétly the fame as the motion of the. faid
fpherical furface carried about with the revolving

fpheroid
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fpheroid after receiving the impulfe of the percuffive
force. Therefore, having reference to our conclufions in
the preceding articles, we, by fubftitution, readily obtain
{folution to our problem.

T Y i

- d
By fubftituting properly S*x -7 OF x = for ¥, we

find,
d*r _ dr « s
T i—0cd Zgi ¢ - P
/@ EF2cdrF 4 v4r‘+r~j’+b”x"—;

5
rxXcd+rF _ Y ad

= ’
VaréFacdrr +r'F*

, T
Vir+mimxs

ande ¥ % = ;3'-:—;—
‘Which equations, refpeét being had to the conclufions in
art. 8. and 9. indicate that, whether 4 be lefs or greater
than 7, if an immoveable circle pL, whofe radius is =

20 =, be conceived to be defcribed in a plane
Vs 7% %
inclined to the plane of the equator of the {pheroid (be-
fore the impulfe) in an angle whofe fine (to the radius 7)

. 246" . .

is = %f x s =25 fo that the faid circle touch
\/4r*+r*+b‘,l"x—";

the faid equator in the point p in the fetion 0pDQE;

the {pheroid after the impulfe will fo revolve, that its
equator
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equator will always touch and roll along the faid im-
moveable circle (nL), the velocity of the point of con-

tact (along that circle) being = -5—;—2;, whilft the {pheroid:

turns about its proper axis (0Q ) with the primitive an--
gular velocity ¢, and the poles o and _(by the faid
rolling of the equator) defcribe circles (whofe radii are.

bd

2 b?'
€ach = ey Tt

x y ="\ parallel to the faid circle.
R

pL, with the angular velocity 4 (or their proper velocity

bg ) which we fuppofed given to them by the impulfe’®..
Thus the motion of the fpheroid confequent to the im-~
pulfe appears to be remarkably regular.

And in the very fame manner may be explained the
motion of a cylinder, whofe primitive motion. about its
proper axis may be difturbed by fome percuflive force in
like manner as we {fuppofed.the fpheroid difturbed ; only
(inftead of the former. fubftitution for r) fubftituting for
the accelerative force arifing from the centrifugal force
of the particles of the revolving-cylinder its proper value

cd  3r—ab
r X 34l
proceeding as we have done with regard to the {pheroid,

(computed in our Appendix) and afterwards

(d) Other ways of folving the problem are alfo figgefted by the preceding

articles,
bde
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& denoting half the length of the cylinder, atd r the
vadius of any feétion at right angles td its proper axis.

. d ‘!.__ ’2 ) . . .
Seeing that ( = x 33';*"47};’ ) the expreflion for the faid

accelerative force refpecting the cylinder vanifles when &

p 4
5 .

is =2, it is manifeft that the cylinder in that cafe will

(with refpect to its own particles) undifturbedly revolve
- dbout any axis whatever pafling th‘mugh its center of
gravity, as will a fphere. Which remarkable property of
that particular cylinder I believe has not before been

taken notice of.
There are, I am aware, bodies of other forms having

the like property.

The preceding articles lead us to confider the motion
" of the earth’s axis in a light, I prefume, more clear and
fatisfactory than any in which it has before been confi-
dered; but I muft, for want of leifure, defer making the
application till fome future opportunity; only obferving
here, that by what is done above it appears, that from
the a&tion of the Sun and Moon on the -earth its axis has
a diurnal motion, which I have no where feen explained.
Which motion is not much unlike that of the axis of
the revolving fpheroid juft now confidered, when (24)

this laft mentioned axis is many times longer than (27)
4 the
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the equatorial diameter of the faid {pheroid, and f very
{mall,

R

A PP ENDTI X

Shewing how the joint centrifugal force of the particles of
a [pheroid or cylinder, baving a rotatory motion about
any momentary axis, is computed.

1.FIG. 9. Let p be a particle of matter firmly connecéted
with the plane DOEFQg, in which the line ocq_is fituated;
and pg being a perpendicular from p to the faid plane,
let the diftance pg be denoted by #; alfo, the line ¢7
being at right angles to o/cq,, let the diftance p/ be de~
noted by 4. Then, the faid plane with the particle p
being made to revolve about o/cq_as an axis, with the
angular velocity ¢ meafured at the diftance # from the

faid axis, the velocity of p will be = éa—’, and its centri-
fugal force from / will (by a well-known theorem) be =
’;—Z: to make it 4” the expreflion being ’gj x p.  Whence,
by refolving that force into two others, one in the
direction gp, and the other in a direétion parallel to
lg, it appears that the force urging p from the plane
DOEFQG Will be= 5‘;"- x p, let-the diftance /¢ be what it will.

Vovr. LXVII. Pp 2. The
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2. The patticle p being conneéted with the plane
DOEFQG as mentioned in the preceding article, and the
diftance e/ being denoted by v; if 4 be urged direétly
from the faid plane by a force f#x p, the-efficacy of that
force to turn the faid plane about the line Hci, therein
drawn at right angles to.ocq_, will (by the property of the

lever) be equivalent to the force L i‘:__xP acting on the

faid line ocq_at right angles to the faid plane at the dif-
tance g from the point c.

Moreover it is obvious, that, ceferis paribus, the effi-
cacy will be the fame let the diftance of ¢ from / be what
it will.

Fig. 10. Let ¢ coincide with /; and let cZ be a line
in the plane c¢/p continued (which plane will be at right
angles to the plane poEFQG); alfo, p£ being at right an-
gles to c 4, let thofe lines p 4 and c £ be denoted by w and
x refpectively, Then the fine and cofine of the angle
£ co to the radius 1, being refpectively denoted by m and

n,theforcef . w1llbe—fgpxmnxfw —X* =1 W,

Confequently, if each particle of any folid body, through
which aline HcI and a plain DOEIFQGH may be conceived
to pafs, be urged from that plane by a force exprefled by
Juxp as above; the force which, acting on the line
oce_at the diftance ¢ from ¢, would be equivalent to the

efficacy
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efficacy of all the forces a&ting on the feveral particles of
that body to turn the fame about the line Hcr will
be obtained by cdmputing the fum of all the forces

):-3—' XMAX W — X"+ M —n" x WX agting on the faid body.
The computation of fuch equivalent force will in moft
cafes be abridged by obferving that, if 4 be continued to

, 1';1'0 that k;)' be = %p, the efficacy of the force on the par-

- ticle j;’, to turn the body about the line HcI in oppofition
to the force on the particle p, will be reprefented by

”

. x ' .
the equivalent force”- ?’3 xMnux X' —w +m’—n*x wx alting

on the line ocq_at the diftance g from c; and that there-

fore the efficacy of the two forces on p and jl;, to turn the

body about mcr, will be reprefented by the equivalent

2fxp
g

force xmnxy'—x* acting on the line ocq,, at right

angles to the plane DOEIFQGH, at the diftance g from c.
3. Fig. 11, 12. If the body be a cylinder, a {pheroid,
or the like, and its proper axis be fituated in the line c 4,

the ordinates correfponding the ad/cife p, kp', in the
circular fection 47 whofe center is %, will each be paral-
lel to that diameter pafling through c, about which the
body will be urged to turn; and each of thofe ordinates

will be = Vy'—w#, y being the radius of fuch fection,
Ppo2 Therefore,
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Therefore, writing o Vy‘—w‘ inftead of p, it follows that
J“:{J

%Ixmnxx{-—xy » the whole fluent of‘fx

MN %X W — 2 xw, generated w (=4p=~# ]g) from o becomes
equal to the radius y (both x and y being confidered as
invariablé) will exprefs the value of the force which,
acting on the line ocq_at the diftance ¢ from c, would be
equivalent to the force of all the particles in the faid fec-
tion, whofe thicknefs is denoted by the indefinitély fmall

quantity é; the diftance cZ being denoted by x, and a
- being put for (.78 539) the area of a quadrant of a circle

whefe radius is 1.
4. Fig. 11. Inthe cylinder whofe length is 2 4 and dia~

+ 1
meter 273 ybelng =72 ~x*y* will be=r"x — —#"2 con-

fequently, the fluent of :':—x’ x %, generated whilt x

N T 8afr
from o becomes = &, being —2 — 3 we have ';f' X MHx
"'—'_F" ——— . .
-3 —_-f; '"2;' x 3r*— 45" x m for the force which, acting

as above at the diftance g from (c) the center of gravity
of the cylinder, would be equivalentto the efficacy of the
forces acting as above on all the particles of the cylinder
to turn it about a diameter paffing through c, M being

the mafs or content of the cylinder.
7 5. Fig.
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5. Fig. 2. In the {pheroid whofe proper axis is 24
’]‘

s S T ,
and equatorial diameter 2 7, y* being =, x&*—«", i

ill be = »* '—z-f-’i:+-f—f—x’ L confequently, the
W.l e — r X 4 zbz 4b4 + bz - q y,
x rxx rxx

fluent. of YRy —X N b, s generated whilftx from

lb r!b rﬂb b! b3 2 ——— e
e —— . . e e 3
0 becomes = 4, being —-—¢ + 3 St s g x 1 o-0%
16 —— »n
have l;\i xmnxr’b—b3—L— x 7' —& x s for the force

‘which, acting at the diftance g from: ¢ the center of the
{pheroid; would be equivalent to the efficacy of the
forces acting as above on all the parficles of the {pheroid
to turn it about a diameter of its equator, s being the mafs
or content of the {pheroid.

Thefe equivalent forces are diftinguifhed by the name
of motive forces; the correfpondent accelerative forces
are computed in the following articles.

6. Fig. 13. The body being a {fpheroid whofe center
is ¢, and whofe proper axis PN is = 2 4 and equatorial dia-

‘meter AB= 273 let F be the accelerative force of a par-
ticle at the diftance ¢ from the axis about which the body
is urged to turn, which axis is fuppofed to be a diameter
of its equator. Denote c£ by x; #7 by y; and let the
abfciffa ko and its correfpondent ordinate (parallel to the
laft mentioned axis) in the circle whofe radius is ki be

denoted
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denoted by 5 and z refpéétively. Then, confidering the

bady as-urged to turn abont that diameter of its equator

which is at right angles to AB, the accelerative force of

Vit
&

every particle in the faid ordinate will be = X Fy

.and the motive force of all the particlesin the fameordinate
will be = "é}ix' xRIS= ‘1'—;—*1 X Fd \/ y*—s*; to which (by

e——
2__'J.Z

the property of the lever) a motive force=" ;"
acting at the diftance g from the center at right angles to
a ray therefrom would be equivalent. Therefore, confi-
dering x and y as invariable, and s only as variable,
'1;7{ x the whole fluent of 5Vy*—s* x s*+x* will denote a

force which, aéting at the diftance g from ¢, would be
equivalent to the motive force of all the particles in the

{feétion bi iv’hofe radius is k7 and thicknefs x. Which

— —=
ﬂuentls—Ay’*xx 4 :-—-—~ x & — % x & +; ix &P =X Con—

fequently ,,”f x the whole fluent of X x 4 — x* x

XM 4—;, x b—ax* will denote a mative force which, acting

at the diftance g from c at right angles to a ray therefrom,
would be equivalent to the whole motive force urging

the fpheroid to turn as above mentioned. Such equivalent
force
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. 6artr ———— —
force will therefore be = Lﬁj%:xﬂb+r‘b3=%x r+bxs;
and this being put =J:5'f:-'-x x7*~4* x s (the value of the

r‘_b’

fame force found in art. 5.} we find F=fgman x =73

gmne®  r’—p

which will be = 5= x m—, if f be =13, its value

computed in art. I.

. d_r—b .
Or r will be denoted by ‘—r- x :T-FT’ if 1 be to e as m:

to d, and as # to ¢; and 2 and g be each =7r.

7. Fig. 14. The body being a cylinder whofe center
of gravity is in ¢, and whofe proper axis pN-is 2.4 and
diameter 27; the accelerative force (¥) at the diftance
the cylinder being confidéted as urged to turn about a
diameter paffing through c.

If 1:eum:d:n:c,and aand g be each =7, ¥ will

_cd 3rt 4b
be""?'x 3r + 46

£ from c, will'in like manner be -found —gmne

aZ




